Incomplete Block Design

Incomplete Block Design (IBD)
In a design, if the number of plots within blocks is less than the number of treatments, then the blocks are said to be
incomplete. If the treatments are allocated to the different blocks once and only once, then the resulting design is

known as incomplete block design. The concept of incomplete block design was first devised by R. Yates in 1936.

Therefore, an incomplete block design is one having v treatments and b blocks each of size & (k < v) , such that

each of the treatment is replicated r times and each pair of treatment occurs once and only once in the same Block,

where v, b, and k are the parameters of IBD and k< v.

Example:
In comparing efficiency of several level of fertilizer, large number of plots in a block may lead to increase the

heterogeneity in respect of natural fertility. So, the incomplete block design may be used to reduce error variation.

Types of Incomplete Block Design
Depending upon the replication of the pairs of treatments, IBD is different types
e Balanced Incomplete Block Design (BIBD)
e Partially Balanced Incomplete Block Design (PBIBD)
e  Youden Square Design (YSD)
e Lattice Design (LD)
e Cyclic Design (CD)

What is the necessity of IBD?
In certain experiment by using complete block designs, we may not able to run all the treatment combinations in
each block. Situation like this usually occurs because of shortage of experimental apparatus of facilities or physical

size of the block. This situations lead the experimenters to use IBD.

Applications of IBD
e By IBD, the difference between various blocks can be properly estimated.
e |t ensures equal precisions of the estimates of all pairs of treatment effect.
e Alarge number of treatments can be compared with relatively small blocks.

e |tis possible to estimate heterogeneity to a greater extent than is possible with randomized blocks and
Latin square blocks by IBD.

e |IBD may be used to reduce error variation.

Balanced Incomplete Block Design
If we have v treatments and b blocks each containing k& experimental units and we replicate each treatment. So

that it satisfy the following conditions
e  Each treatment is replicated » times in design (r <b).
e Each pair of treatment is replicated A times (1 <r).

Then the design is called balanced incomplete block design. The quantities v,b,7,k & A are called the parameters

of the design and must be an integer.
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Model for the BIBD

The observations obtained from BIBD can be explained by the model

Vi =HEa+ B +ey s i=1()b, j=1(1)v ,I=n;=00r1
Where, y;; is the 1™ factor corresponding to the i™ block and jth treatment., u is the general mean effect, «; is

the effect due to the i block, ﬁi is the effect due to the j’h treatment, € is the random error component.

The number of observations obtained from this design can be arranged in rows and columns according to number of

blocks and treatments as follows:

o N ny,,
n n n
No| ™ ?2 2y
App Mpy o o Ay )y,
1 if i" treatment occurs in the i" block .
Where, n; = i/ i= l(l)b i E l(l)v
' 0 Otherwise

By definition of BIBD,

b v
Dy =N;=r ; Dn =N =k ; Dty =4
i=1 Jj=J'

The matrix N is called the incidence matrix.

Advantages of BIBD
< Analysis of data is simple in BIBD
<« All treatments are compared with equal precision
< By BIBD, we can conduct an experiment for large number of treatments in homogeneous blocks
% Unbiased estimate of treatment effects are readily available
< It is some efficient than RBD and it covers many complex situations where block size is less than the number of

treatments under study.

Disadvantage of BIBD

< The analysis becomes complicated if the treatments are subject to the different error variance.
< There are two sources of error in this design.

< If there is missing observations, the analysis is more complicated.

< BIBD is not available for every number of treatment.

Use / Application of BIBD

< If the number of possible experimented plots per block is less than the number of treatments under study, then
BIBD is used. This is the situation associated with the chemical, biological and physiological problems.

<« If the number of treatments are so large than the number of experimental unit within a block, it fails to ensure the
homogeneity of blocks for the given experimental unit. In such cases BIBD is employed to analyze the data. This
is the situation associated with most of the agricultural field experiment.

< ltis used for various trail experiment.

Why BIBD is Called Balanced?

In BIBD, each treatment is replicated at the same time. For this reason, the variance of the estimate of each

treatment effect is same. Since each treatment effect has same variance, it is called Balanced.
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Types of BIBD
There are two types of BIBD.

o,

« Symmetric BIBD

0,

< Asymmetric BIBD

Symmetric BIBD
A BIBD is said to be symmetric if the member of treatments is equal to the number of blocks, i.e., b =v and also the

number of replication is equal to the number of plots i.e. » =k . In this case, the incidence matrix N is a square

matrix i.e.
My My ot My My My o Ny
P eee m n n e n
N=| T T 2 _| T T2 2
Ry My oo My )y Ny My o By )y
Example
ABIBD is
Block Treatment
1 1 2 3
2 1 4 5
3 1 6 7
4 2 4 6
5 2 5 7
6 3 4 7
7 3 5 6

Show that the BIBD is symmetric.
Solution

The incidence matrix for the BIBD is given by

Treeatment (v
) 1 2 3 4 5 6 7 | =Nk
Block (b) j

1 1 1 1 0 0 0 0 3

2 1 0 0 1 1 0 0 3

3 1 0 0 0 0 1 1 3

4 0 1 0 1 0 1 0 3

5 0 1 0 0 1 0 1 3

6 0 0 1 1 0 0 1 3

7 0 0 1 0 1 1 0 3

2y =Ny =r 3 3 3 3 3 3 3
From the incidence matrix, we get,
b=v=7 and r=k=3 A =number of pairs of treatments occur in b block =1
Since

Pairs no. Pairs no. Pairs no. Pairs no.
(1, 2) 1 (2, 3) 1 (3, 5) 1 (5, 6) 1
(1, 3) 1 (2, 4) 1 (3, 6) 1 (5, 7) 1
L4 1 (2.5) 1 G7) 1 (6.7) 1
Ls) 1 (2.6) 1 (45) 1
(1, 6) 1 (2, 7) 1 (4, 6) 1
(1, 7) 1 (3, 4) 1 (4, 7) 1

So the design is a symmetric BIBD.
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Asymmetric BIBD

A BIBD is called asymmetric BIBD if the number of treatments is not equal to the number of blocks i.e. b= v .
Resolvable Design
A BIBD which can be split up into 7 group such that each group contains a complete replicate of all the treatments is

called resolvable design.

For example, let us consider the following BIBD with parameters v=4, b=6, r=3, k=2 and A1 =1

Blocks Treatments Groups
1 1
First set
2 3
5 1
Second set
4 2 4
1 4
Third set
2 3
. . b 6
Here, b =6, blocks are divided into » =3 sets each of — = g =2 blocks.
r

Moreover, each set contains each of the treatment occurring once and only once. Also A =1. Hence the above

design is resolvable BIBD.

Affine Resolvable Design
2

A resolvable design is said to be affine resolvable if b=r+v—1 and only blocks for different sets have —
v

2

treatments common where — is an integer.
v

For example, let us consider the resolvable design with parameters v=4, b=6, r=3, k=2 and A1=1

Now, b=r+v-1 = 6=3+4-1=6
2
Therefore, the condition b =r+v—1 is satisfied. Also — =1 (integer) and only one block different sets have only
v

one treatment (l = 1) common. Hence the design is affine resolvable.

Complementary Design
From a BIBD with parameters (b, k,v,r, /1) is each block is replaced by another block containing those element

with one omitted in the original block, then the design formed by the new blocks is a BIBD with parameters

(b, v—k,v,v-r, v—2r+1) and is called the complementary design of original BIBD.

Balanced Design

An experimental design is called a balanced design if the difference between every pair of treatment means or if all

estimated elementary treatment contrasts has equal variance.
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Connected Design

An incomplete block design in which all treatment contrasts are estimable, is called connected design.

State and Prove the Following Parametric Relation of BIBD.

A BIBD has parameters b, v, r, k and A which are not independent as they satisfy the following conditions or

relations:

1. (bk=vr
20 r(k-1)=4(v-1)
3. r<i
4. b2v = r2k
5 b2v+r-k
6. v>k

Proof

1. Since BIBD consists of b blocks of size k£ each, total number of observations is bk . On the other hand, the design

contains v varieties each replicated » times. So that the total number of observations vr . Hence bk =vr .

2. We know the incidence matrix is given by

o N ny,
N = ”.21 ”?2 ”?v
Ny Ny np,, bxv

For BIBD, n; =1 or 0 and nj =ny; and so

b v v

2N, 2 _ _
2=y = ny =k
i=l i=1 j=1 Jj=1

>

My Ny 0 Ny nyy N o Ny
n n e n n n Y n
L B L
ny, Ny, Ny )y \ o1 Tp2 My )
b , b b
Z M Z L B znilniv
i=1 i=1 i=1
b b, b r
_ Z”iznﬂ Z”iz Zni2niv |4
| =l i=1 i=1 |
: : : P
b b b s
z n;, 1y Z L z n;,
i=1 i=1 i=1 Xy
Now, post multiplying (1) by 7=(1, 1, ---, 1)'
1 r A A 1
! A r A 1
N'N = .
1 A A r 1
vxl Xy vxl
r+/1(v—1)
, r+/1(v—l)
= NNI= )
r+/1(v—l) -

129%

(2)
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Again, multiplying the incidence matrix N and I , we get,

ny o Ny oo Ny, 1
NI = Ny Ny o0 Ny, 1 _
Ny My My ey L1t
Now, pre-multiplying NI by N' we get,
my Ny ot Ny k
N'NI = My Ny w0 Ny k
My Mgyt My vxb k bx1
From (2) and (4) we get,
r+/1(v—1) rk

r+/1(v—1) rk

r+/1(v—1) - rk -

=  r+i(v-1)=rk
= A(v-1)=r(k-1)

We know that
A(v=1)=r(k-1)

For IBD we know that
k<v =

(k=1)<(v-1)

Comparing (1) and (2) we can write

r>A (Proved)

b>v = r=k

We know, N be the incidence matrix and is given by

o N ny,,
n n n
N=|™ T2 2v
Apy Ny Ry ) pw
r A A
A
And we know, N'N = .
ﬂ/ 2/ o r VXV
r A - A
, A A
|N'N| =] .
A A

VXV

k
k
: = (3)
Nb bx1 k bx1
rk
i" (4)
Vk vx1
(Proved)

Subtracting first column from the other columns of (1) we get,

ro A-r A-r

A r 0
|NN|=/. :

A 0 r—A

G =06 —q

3 =c3—¢
’

¢, =c,—¢
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Now, adding last v—1 rows with the first row of N'N , we get,

r+/1(v—1) 0 0

A r—A - 0

IN'N| = . . .
A 0 e r=A

1294

Thus N'N is non-singular matrix of order vxv and hence rank of N'N is

r(N'N) =y

:{r+l(v—l)}(r—ﬂ,)wl¢0 Since r> A

But r(N'N):r(N’N)zr(N)zr(N’):v.Again, since N is a bxv matrix, so r(N)Sb

Thus, we have v<b (Proved)

Again, we know vr = bk

r>k Since b>v (Proved)

This inequality was derived and proved by Fisher in 1940 and hence is called Fisher's inequality.

5. b>2v+r—k

We know that b>v and r >k and for an incomplete block design we know v >k, so (r—k) >0 and (v—k) >0.

(r—k)(v-k)=0
= v > vk +kr — k2 (Since vr = bk)

= b2v+r—k (Proved)

Theorem: For a symmetric BIBD, any two blocks have A treatments in common i.e., ry=A1, where

T :anj”ﬂj ; i#i'=1(1)b and A:anjnijr s j# 7 =1(1)v.
J i

Proof

We know, N be the incidence matrix and is given by

my My et
N = Ny ”?2 ny,
Ay My oo By )y
My My o Ny, nyyp Npp g
NN' = far Ny wr My Ny Npy v+ Ny
Apyp My oo By )y \Ty Moy 0 My )y
\4
k r, - n .
12 15 Since Znijz-:k
™ ko ry Jj=1
: v
and Zn,n =7
iy i
o1 Th2 ko =

(1)

Since b=v for symmetric BIBD and r =k, therefore, N is a square matrix and r(N) =v ie. full rank. So N

exists. Thus NN ' =1 .

NN'=NNNN"'=N(NN)N'

(2)
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Again, we know,

r A A r=4A 0 0 Y A
. r A 0 r-2 0 A A A
NN = : - : *
A A ") 0 0 cr=4) ., 1 1 1)
10 0 11 1
0 1 0 1 1
=(r—/1) : : +A :
00 1), Lro- 1)
1
1
:(r_ﬂ’)["x"-'-l : (1 1 )lxv
1V><V
Now, pre-multiplying by N we get,
1
1
N(N'N)=(r—/1)N+lN: (1 1 - l)m (Since NI=N)
1 VXV
k 1 k
1
:(r—ﬂ,)N+l k (1 I - 1) Since N = k
k 1 k
1
1
=(r—2,)N+/1k : (1 1 - 1)
1
Again, post-multiplying by N7 , we get,
1
1
N(NN)N'=(r=2)NN"'+2[ (1 1 - 1)kN""
1
1
1
=(r—-A)I+4 : (r r - r)N_] (Since r=k)
1
1
1
=(r=2)1+2|. |1 1 - 1NN (Since (r r -+ r)=(1 1 - 1)N)
1
1 r-14 0 0 A A A
S Y | IR Y N A B L
1 0 0 r=4)., \4 4 )0
r A - A
A A
-1 = NN (3)
A A r

129%
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Computing (1), (2) and (3) we get,

ok b | _ A r A
o T k A A r

Hence,weget, r=k and 1, =4, n3 =4, -+, i, =4 and so on.

In general, r; =4 (Proved)

Theorem: A necessary condition for the existence of a symmetric BIBD with even number of treatments is that (r—/l) is

perfect square.

Proof

In a symmetric BIBD, we have, b =v, r =k and incidence matrix N is a square matrix and we know,

|N’N|:{r+/1(v—1)}(r—/1)v_] :{r-i—r(k—l)}(r—ﬂp)v_l

= rk(r—i)v_l
= |N’||N|=r2 (r—xi)vil
= |N|2 =72 (r—/l)v_]
v—1
= |N|=ir(r—ﬂ,)7

[Since A(v-1)= r(k—l)}

[Since r= k]

[Since N is Symmetric]

Which is an integer, since all the elements of incidence matrix are integer (because the elements of N of BIBD is

either 0 or 1)and » and A both are integers. Therefore, (r—/I) must be a perfect square.

Theorem: For a BIBD, with parameters b, r, v, k and A where b is divisible by » then show that b>v+r—1

Proof

b
Since b is divisible by », then — is an integer, say »n .
r

% =n = b=w
Again, we know for BIBD
bk =vr = nrk = vr [by (1)]
= v =nk
Also for BIBD,
ﬂ,(v—l)zr(k—l)
(v—l) (nk—l)

= r= =1

(k-1)

_ Ank —nA+ni—-2
(k-1)

/l(n—l)

(k-1)

=nl+ = Positive integer

Since b>v,so b>v+r—1 ifitis not hold.

(Since n>1, k>1)

Incomplete Block Design ~ 9 of 20



Let b<v+r-1 = nr<v+r-1 [by (l)}

= r(n-1)<v-1

= r(n-N<(k-1) [y (3)]

A(n-1
= M <1
k-1
which is impossible, so b <v+r—1 cannot be true. So b>v+r—1 (Proved)

Analysis of Data Obtained BIBD
There are two types of analysis of BIBD
i) Intra-block Analysis

ii) Inter-block Analysis

Intra-Block Analysis

When blocks are fixed, i.e. we want to find the treatment comparison within blocks, then the analysis of BIBD is
known as intra-block analysis.

Inter-Block Analysis

When we want to find the treatment comparison between blocks, then the analysis of BIBD is known as inter-block
analysis.

Intra-Block Analysis of BIBD

The usual model for the intra block analysis of BIBD is
Vg = Mo+ +ey ; i=1()b 5 j=1(1)v ; I=n, =0 or 1
where, y;; is the 1™ observation of the j’h treatment in the i block, 4 is the general mean effect, ¢; is the i

block effect, ﬁj is the j’h treatment effect and ¢;; is the random error component.

Assumption
i) M, o, ﬂj are unknown parameters
i) ey ~ NID(0, & )
iii) There is no interaction between blocks and treatments

Estimation of Parameters

Applying least square method, we get the following normal equation

E :Zz,:z,:e’?’ :Z;zzl(}’w —H-G _ﬂi)z

OE
520 = v.=2 D mut Y N+ Y BN,
i i J
= y.=bkp+k)y a,+ry B, (1)
i j

OE N .
a—aizo =X y,»,.=k,u+ka,~+‘“;nyﬂj (2)
a_E:() = yj:rﬂ+2nljdl+rﬂj (3)
aﬂj i
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For getting the unique solution, we have to put the restrictions Za = Zﬁ =0
i J

F 1 t, (1=
rom (1) we get, f1= s

R 1
From (2) we get, &; =7

Putting the value of &; in (3), we get

= r[{+2nij {%[y, _kﬂ_znijﬁ/}}-’_ ﬁ,
J
= r,&+%2n,-jy,-.. —rﬂ—%Zn;janﬂj +7p;
i i J
1 1
v, —;Znijy,-.. =rp; —ZZ”z/Z”ﬁﬁj
i 1 J

= Q;=rpf;- {Z”yﬂ DD Myt s]
i j#s=1

S#]
r %[Zﬂs —ﬁj] (Since Zﬂs =0J
s=1 s=1
=p; (r——+%)
= Q= j% (Since r(k—l):/i(v—l))
'B/ JQ/ rﬂ _E
kr

" treatment effect.

Where E =— is the efficiency factor of BIBD. f3; is the intra block estimate of j

Now, sum of square due to estimate

SE=dy. +> Gy + Y. By,
= fiy. +Z%(n —kﬂ—Znﬁf}y» + 2.5
j
. 1 5 3
Hy.. —;Zzngﬂj%’-» +Zﬁjy:i‘

= fiy. +%z V-
lny'+Zif,(y,-.—%zn,.jyﬁ.j

Zyt 5 ,Q

Zy, o (4)

rE

P (5)
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The main object of BIBD is to test H| : /7’ =0.

Under H, : B; =0, the model be Yy = Hta;tey
Then using least square method we have,

A
A ~

_ 1 N
A=7. and & = ;(yi.. ~ki)

Now, the sum of square due to estimate under reduced model is

S'.z7_= ay.+ Z&iyin

D
ok

=Qy.. +Z (vi. —ki2) y,.

So, Adjusted treatment sum of square is
0’
S; =St -5; =—Z !

2

SS(Unadjusted block Zyl where, CT :Z_k
ANOVA Table
S. V. d.f. SS MSS F
2
Block i S1
— i F=-1
(Unadjusted) b-1 e 51 17,
Treatment v—1 ZQ s F. =5
(adjusted) 2 s
2
Intra Block 2 zyl ZQJ
Error bk—b-v+l ZZZ Yijp = —— 53
Total bk —1
Now we want to test the hypothesis
Hy:B;=0 against H,:p;#0
The test statistic is F, =-%~ F, . (v1), (bk—b—v+1)
53
If F, > Fa’(v_l),(bk_b_m), we can reject H, .
If Hy:pB; =0 is rejected then we can test
Hy:B; = p; ie. Hy:B;—p; =0 Jj# i =1(1)v
against H, :ﬂj —ﬂj, #0
» b5
Test statistic, t= — —
SE(B;-Ay)
Here, 5~y =—-(0,-0;)
rkE
PURN 2MSE
VB —B.)=
( J ﬂ/ ) rE
154/
" MSE ~ t%, bk—b—k+1
rkE
Ift>t, . bkboks ,»wecanreject Hy:f3; = .
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Inter Block Analysis
There are two types of block
1. Treatment Block
2. Unit Block

If different set of treatments occur in different blocks in a BIBD, then a set of treatment occurring in a block will reflect
the block effect. The treatments are selected at random in a block. The data can be analyzed by considering block
effect as random. The corresponding analysis is called analysis with recovery inter block in coefficient. The linear
model for inter block analysis of BIBD is given by

Y =Mt + P +ey ; i=1(1)b ; j=1(1)v s I=n;=1or 1

-th

" treatment in the i

where, Vi is the /" observation of the J block, u is the general mean effect, «; is the

random effect of i block, B; is the fixed effect of j’h treatment and e, ; is the random error component.

il

Assumption

i) U, ﬁj are unknown parameters and fixed
ii) Block effect «; is random

i) a, ~NID(0, o7 )

iv) ey ~ NID(0, o)

v) E(e ¢1) =0

vi) > B =0

Estimation of Parameters

The total field of i block is

Vi. =ku+ka; +Znijﬂj +e.
J

V(y.)= V[k,u+kal- +Znijﬂj +el,._] =k*a? +ko?
J

Therefore, the analysis can be performed by considering both ¢; and e; as error and the block total as

observation. In that case we have to estimate the treatment effect by minimizing the ESS .
2
QZESS=Z(yi~_k:u_Znijﬁj\] (1)
i J

Now partially differentiating with respectto u and fS; we get,

ou

P_y = 2Z[yi..—ku—2n,,-ﬂjj(—k)=0

= y—bku—rY =0 [ Since 3 p;=0]
J

= u=y.
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0 .
Lo > =2 | v k= ny B |ny =0
b ; j
= Zniiyi" —rkﬂ—Znéﬁ; —Z Z nyhis s =0
i j i jes=l
= Znijyi_. =rk,[¢+r,3j +A Z B
i j#s=1
= Doy =rkfi+rf+ ). B - 2B, {Since > B =o}
i s=1 s=1
= Zny«yi_. :rk[t+rﬂj —AB;
N Y.
Znijyi,, —rkjt Znijyi,_ —rkﬁ
- — i = i
b= =)
Zni'yi--
n kP — Y
= p;= : Where, F;z’——r&
(r—/l) k bk
Therefore, SS (adjusted treatment) :LZ:P-2
r—A /
. . 1 2, k 2
SS (Unadjusted estimate) = — T+—— > P;
( j ) k zy’ r_ﬂ Z J
ANOVA Table:

S. V. d.f. SS MSS F
Treatment _k 2 S
(adjusted) v S= gl g i

Inter Block Error b—v S, =8;-8; S5
1
Total b-1 S, =;Zy,»2.. -CT
If F'>F, (, 1) (5-v) then wereject H,:f; =0.

If Hy :ﬂj =0 is rejected, then we can test

Hy:p;

The test statistic
SE(

Here,

r—A

)=

. 14,5/

by =)

k
(£i=£r)

a

r—A

21{(0‘2 +0'2)

> j : .= .
If t_taz’b_v,we reject Hy:f; = ;.
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Distinction Between Intra-Block and Inter-Block Analysis of BIBD
In intra block analysis, the blocks are not selected randomly; as a result the block effect is fixed effect. On the other
hand, in inter block analysis, the experimental block are selected randomly to allocate the treatments. As a result the

block effect is random effect.

Importance of Inter-Block Analysis in BIBD
If the treatments are allocated randomly to a selected block (fixed) then the result of the experiment may be less
efficient if the experimental block is less efficient. For removing this difficulty experimental blocks are selected
randomly to allocate the treatments. As a result block effect is random effect and in inter-block analysis, block effect

is considered as random effect.

So for more efficient of the experiment, when block is less efficient, inter block analysis is efficient.

Varietal Trial
Varietal trials are primarily used in agricultural experiments. The object of these ftrials is to select a few varieties

which are better than the rest in respect of some economic character.

If the number of varieties is small, ordinary randomized block designs are sometimes Latin Square Designs can be
used for the trials. But if the number of varieties in such trials is large, then adoption of RBD may increase error

variance due to large block size. Therefore, when the number of varieties is large then RBD or LSD are not suitable.

Efficiency of Incomplete Block Design Relative to RBD

2
20

r

For RBD with r replications, the variance of the contrast /}j —ﬁj, is and that of corresponding Incomplete

2 2
Block Design is LE , Where 0,3 is the error variance of RBD. So the efficiency of the symmetric in complete block
r

design relative to RBD is

Here E is the efficiency factor.

We know,

E:ﬂ:lv—l+l
rk  rk+r—r
Alv-1)+ 1

= (v=1)+ since A(v—1)=r(k-1)
r(k—l)+r
r(k—l)+/1

= <l as A<r
r(k—1)+r

2

So, symmetric incomplete block design is more efficient. E.O-—g must be greater than 1 which can happen only
o

2
OR
o2

when E <1. This means should be greater than1.
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Combined Intra and Inter Block Design

We have the model
Y =Hto B tey i:l(l)b, jzl(])v, I=n;=0o0rl

2

We know that the intra block variance is o and that of inter block is o +ka§ .

3 . So that the weighted sum of squares due to error is

1
Let us suppose, w=—- and w, =
o o +ko,

2
A oA AV W . A
S= WZZZ(MJY —f-a —ﬁj) +712(yi.. —k#—zn,}ﬂj}
ioj o1 i j
Though minimizing S we will get the combined intra and inter block estimate of ﬂj .

Thus ﬁ =0 gives,
B

[U'_”‘ Z”u G ] [Z”uyl/ rkit— Z”t/znyﬁ} o (1)

From the block analysis we know that ¢; — [ ——anjﬂ

On substituting the values of ¢; in (l) simplifying we get,

wQ; +wp; :{WVE+%(1’—A)},BAJ-

N 4 .
B :—Q’ PP , where p=

rE+§(r—l) w

W

This estimate of f; can also be obtained from the weighted mean of the estimates obtained from intra and inter

block analysis.

. -1)o?
We know, V( ) t =% and
intra vy

§<r—z>
virE V ﬂ
Let, w=——-—— and w
(v—l)O'2 e (02 ka)
% rE
‘. W+Wl = 2
v-l|o 0' +k0' }
= vuivl {rE+§(r—l)}

So the combined intra and inter block estimate of ﬁj is

3 = 1 & vrE kpj. v(r-21)
Towew | 7E (v-1)a®  (r-4) k(v—l)(02+k0§)
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Putting the value of w+ w; and on simplifying we get,

b = Q;+pp;

rE+§(r—ﬂ)

In practical situation, w and w; are unknown. So that p is unknown. So that we have to estimate w and w,

. Q;+pp,
We have, ﬂj(intra and inter) Yol
rE+ ;(r -2)

Wﬂj(imra) + Wlﬁj(inter)

w+w

Here ﬁ’j depends on w and w; . Since w and w; are unknown, so that ﬁj is biased estimate.

After reducing bias, the estimate of ﬁ’j can be obtained following a theorem due to Mier (1953) as follows

A v’i}’g'inra +‘2}ﬁ'iner 1 §2R
- e W) 5 {

1 7 5xi2 all x; =1
where, R = Wﬁj(intra) - l?lléj(imer) ; X = ﬁ ) X = ﬁ
w+w w w
Construction of BIBD
e  Prime number P=2,3,5,7,11,13,17,19,23, ---.
e Theremainder R, after dividing a positive number N by P, can be written as equalto N i.e.
R=N modP
where N is positive number, P is any prime number, R is remainder.
For, N=19,P=7 19 mod7 =5, 18mod4 =2, 22mod5=2

R is called the element of module P, and the element of P are 0,1, 2,3, 4.
°

If P is a prime number then all the 4 operations (+, -, X, +) of the elements of P are possible and the

results after these operators are also be the elements of the same module P .

Let P=7 and elementsare 0,1,2,3,4,5,6.

Now, 3+4=7=7mod7=0
3-4=10-4=6
3x4=12mod7 =5
3+4=(3><7+3)+4=24+4=6

Galoi’s field

When any element of a prime module (p) in multiplied in terms by all its non-zero elements each time a different

product is obtained. This property does not held when pp is not a prime member. All division are not possible then so
when all divisions (+,—, ><,+) are possible, the elements are said to from a finite field.

Example

If P=7,the elements are 0,1,2,3,4,5,6.

3x1=3 : 3x2=6

>

3x3=9 mod7=2

3x4=12 mod7 =5
3x5=15 mod7 =1

3x6=18 mod7 =4

>
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Primitive root

There is at least one element in every field GF(p) , different power of which give the different non-zero elements of

the field, such an element is called primitive root of the field.

Example
LetIf P =7, the elements are GF(p)—0,1,2,3,4,5,6.
Now, 30 =1 ; 31 =3
3 =9 mod7 =2 . 3* =27 mod7=6
3* =81 mod7 =4 ; 3° =243 mod7=5

So 3 is the primitive root of GF(7) also, 2 and 6 are the primitive root of GF (11)

Application of Galois field
Some applications of Galois field in the experimental design are given below
e  BIBD can be constructed to using primitive root.
e  PBIBD is constructed.
e  Construction of /BD from LSD using minimum function.
e  Construction of orthogonal LSD using minimum function.

e Aninfinite set of numbers can be reduced.

Example: Construct a BIBD having the parameters v=9,b=12,r =4,k =3and A =1 .

Solution

Here k=3 , so there are 3—1=2 orthogonal Latin square which are

OLS -1 OLS -2
A B C a y/j %
B C A 14 a p
C A B p ¥ a

Let the treatments are 1, 2, 3,4, 5,6, 7, 8,9 . Now 9 treatments are arranged as 3x3 square

Blocks obtained from rows
(4)

Blocks obtained from column
4

2 5
3 6
Now we superimpose OLS —1 on (4) and OLS—2 on (4) we get,

Blocks obtained from Latin square

1 6 8
2 49
3 57
Blocks obtained from orthogonal Latin square
1 59
2 6 7
3 48
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Thus the BIND is
Blocks

O 00 9 & L A W D -

—_ =
N = O

Example: Construct a BIBD having parameters b=v =13,

Solution

S O S S T O L N e I -

2

A N L L AN N B0 W

Contents

0 N O 0 0O 0O X0 N W

r=k=4 and A=1.

Taking the elements of modk =13 as the treatments. So the treatments are 0,1, 3,9 from an initial block and

these are shown below:

0 1 3 9
1 3 9

12 10 4

2 8

1" 5

6

7

1-—
0-
33—
1-
9—
33—

1
1
3
3
9

0=1,3-0=3,9-0=9

=12, 0-3=10, 0-9=4

2,9-1=8
11, 1-9=5

6
7

It is see that among the above 12 differences each of the non-zero elements of mod 13 occurs once. Hence by

developing this block mod 13 a symmetrical BIBD with parameters b=v =13, r=k =4, 1 =1 is obtained.

The actual design is shown below;

Blocks
1

N DS © oo N o g M~ WwN

-
w

© 0 N o o~ WON -~ O

Contents
1 3
2 4
3 5
4 6
5 7
6 8
7 9
8 10
9 11
10 12
11 0
12 1
0 2

©

- A A
N =~ O

0o N oo o0 A WO N -~ O

Incomplete Block Design ~ 19 of 20



Construction of IBD using Primitive root
Construction of IBD of the series

b=v=4A+3, r=k=21+1, A

If 42+3 is a prime or a prime power, then the initial block formed of the even powers of the primitive root x of

GF (44+3) gives the given series of BIBD.

The odd powers of the primitive roots also form another initial block which gives the same design.

Then the initial block is developed by adding in turn each of the different non-zero elements of the field toe the

elements of the initial block.

Example: Construct a BIBD having parameters b=v=11, r=k=5, A=2.

Solution

The design b=v=11, r=k=5, A=2 is obtained by developing the initial block formed of the even powers of

2 which is the primitive root of GF (11).

20 =1, 2l =2, 22 =4, 23 =3, 2% =16mod 11=5,
25 =32mod 11=10, 20 =64mod 11=9, 27 =128mod 11=7,
28 =256mod 11=3, 2’ =512mod 11=6, 210 =102mod 11=1.

If we consider the even powers then the initial block is

The actual design is show below:

Blocks Contents

1 1 4 5 9 3
2 2 5 6 10 4
3 3 6 7 0 5
4 4 7 8 1 6
5 5 8 9 2 7
6 6 9 10 3 8
7 7 10 0 4 9
8 8 0 1 5 10
9 9 1 2 6 0
10 10 2 3 7 1

11 0 3 4 8 2
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